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^3 . I. INTRODUCTION 

< 

0> [ We are interested to study some cosmological models in the supersymmetric quantum 

mechanics scheme. Recently, particular exact solutions to the Wheeler-DeWitt (WDW) 
equation in Witten's [|l| supersymmetric quantum mechanics for all Bianchi Cosmological 
^ ■ Class A Models in the Einstein theory were found 0. 
O , One goal in this work is to try to solve an ambiguity in the factor ordering of the position 

^ i and momenta operators and give selection rules that fix the parameter that measure this 
ambiguity. Such ambiguities always arise, when there are expressions containing the product 
of non-commuting quantities that depend on and as in our case. It is then necessary 
O . to find some criteria to know which factor ordering should be selected. The factor ordering 
I , in the semiclassical approximation is irrelevant, but not so in the exact theory. In a previous 
work 0] the global factor was dropped by hand and the factor ordering ambiguity was 
avoided when they factorized the WDW equation. 

Thus, the idea of Witten [|I| is to find the supersymmetric super-charges operators Q, Q 
that produce a super-hamiltonian Hss, and that satisfies the closed superalgebra 

{Q, Q} = Hss, [Hss, Q] = 0, [Hss, Q] = 0, (1) 
where the super-hamiltonian Hgs has the following form 

here Hq is the bosonic Hamiltoniano and S is known as the super-potential term that is 
related with the potential term that appears in the bosonic hamiltonian. This idea was 
applied in the reference for all Bianchi type cosmological models. 

In this approach, the hamiltonian = is positive semi-definite and a supersym- 
metric state with Q|\E' >= is automatically a zero energy ground state. This simplify the 
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problem of finding supersymmetric ground state because tlie energy is known a priori and 
also because the factorization of Hss|\E' >= into Q|\E' >= 0, Q|\E' >= often provides a 
simple first-order equation for the ground state wave function. The simplicity of this fac- 
torization is related to the solubility of certain bosonic hamiltonians. For example, in this 
work we find for the empty (+) and filled (-) sector of the fermion Fock space zero energy 
solution 

|*±>=e^^|±>, (3) 

where S denotes a superpotential, and and \E'_ are the corresponding components for the 
empty and filled sector in the wave function. We also observe a tendency for supersymmetric 
vacua to remain close to their semi-classical limits , because in this work and others |@| , the 
exact solutions (|^) are also the lowest-order WKB aproximations. 

The paper is organized in the following way. In section II, the ADM lagrangian of our 
model is constructed. In Section III, we derive the corresponding Hamiltonian that allow 
us to obtain the quantum WDW equation for the FRW cosmological model with matter 
field. In section IV we derive the WDW solution in the supersymmetric quantum mechanics 
approach. Section V is devoted to conclusions. 

II. ADM LAGRANGIAN FORMULATION 

We consider the total lagrangian, where a part is geometry and the other part corresponds 
to the matter field. We will consider a perfect fluid with barotropic equation of state as our 
matter field. 

^total l~'geom ~l~ ^matter i (4) 

where the lagrangian density for geometry is the usual 



Cgeam=^^^)9R. (5) 



where R is the Ricci scalar. 
Using the metric for FRW 



ds' = g;,,.(x") dx'^ dx^ = -N^ dt' + A 



dr 
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1 — KI' 



+ r2 (d^2^sinW) 



(6) 



where N is the lapse function, A is the scale factor of the model, and k is the curvature 
index of the universe ( k = 0, +1, —1 plane, close and open, respectively) 
The covariant component for the tensor metric are 



-N(t)^ &. = -^, g.. = AV, g,, = AVsin2^, (7) 

1 — KI'^ 



and the contravariant components 

1 „ 1 — Kl"^ 



N2' ^ A2 ' ^ A2r2' ^ A2r2sin2^' 



(8) 
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With these elements, we can calculate the nonzero Chistoffel symbols 
N A 

tt — -^^ tr ~ te ~ et ~ t(j) ~ 4)t ~ 

■pt — AA —KT . / 2 \ 

— 1 «;r^ — 1 ^ ^ 



r,-fl — Tflr — r!^ — rlv — i r^^ — ^^^2 ' 4"i> — cos^sin^ 



r9 9r v<f> (/>r ^ 



^ <^ cos^ t Ar^A sin^ 9 ■ 2 n ( 2 .\ (a\ 

where A = ^r- 

dt 

The Ricci scalar becomes 

6 d^A 6 /dAy 6 dAdN Qk 
~ ~ kW dt2 ~ A2N2 \ ^AN3dFdr~A2' 

We consider a perfect fluid energy-momentum tensor 

T^. = pg^. + (p + p) U^U,, (11) 

where p, p, are the presion, energy density and the four-velocity of the system, respec- 
tively. Using the covariance of this tensor 

T'^''.^ = 0, (12) 

we obtain the following partial differential equation 

dA dA dp . , , 

and using the barotropic state function between the presion and the energy density, p = jp, 
with 7 a constant, we have the solution for the energy density as a function of the scale 
factor of the FRW universe 

^=A^' ^^^^ 

where My is a integration constant. 

Using the line element for FRW, the density lagrangian for geometry has the following 
structure 

rUTr. eA^d^A 6A/dA\^ GAMAdN ^ , 
_ d /-6A2A\ 6A /dAy 

and the matter density lagrangian BM 



-6kNA (15) 
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.Cmatter = -167riVp |(7 + 1) (l + d""^ Uk f/„) ' - 7 (l + g""" Uk Uj) ^ 

In Cmatter we consider the comovil fluid {Uk = 0), and the gauge N'^ = 0, obtaining 



matter 



IGttNM^A-^^. 



Finally, the total density lagrangian has the following form 



(16) 



(17) 



(18) 



III. HAMILTONIAN FORMULATION 

Following the well-known procedure for obtaining the canonical hamiltonian function, 
we define the canonical momentum conjugate to the generalized coordinate A (scale factor) 

as n^^f 



'A 


fdA\ 




^1 



L = 6 

or in its canonical form 

L = UaA -NH = UaA - N 

where 



(19) 



n 



24:A 



4 + QkA - WirGM^A-^^ 



772 

H = ^ + 6/tA - 167rGM^A~37 
24A ^ 



(20) 



(21) 



when we perform the variation of this lagrangian ( |20D with respect to N, |^ = 0, implying 
H = 0. 

The quantization procedure will be made in the usual way, considering the momentum 
as operators and taking the following representation for them, but it is possible to realize 
other type of quantization for this same model, for example, the supersymmetric quantum 
mechanics scheme 0-0. 



H ^ H"^ = 0, 



Ua ^ -^n-, 



(22) 



where "^{A) is the wave funtion of the FRW universe model. In all the work we take h = 1. 
With this assumptions, ( pT]) is transformed in a non lineal differential equation. 



H 



24A 



dA2 



+ IUkA'^ - 3847rGM^A-3^+^ 



(23) 
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In was shown that closed, radiation-filled FRW quantum universe for arbitrary factor 
ordering obey the Whittaker equation. 

One important results yields at the level of WKB method, where we do the transforma- 
tion — i> then (|2l|) is transformed in the Einstein-Hamilton- Jacobi equation, where $ 
is the superpotential function, that is related to the physical potential under consideration. 

Introducing this ansatz in (PH), 



H 



24A 



^ J + UAkA^ - 3847rGM^A-=^^+^ 



thus, the superpotential $ have the following form 

$ = ±y" ^3847rGM^A-37+i - UAkA^ dA, 
where for whatever 7 the integral has the solution 



(24) 



(25) 



3847rG'M^A-37+i - UAnA^dA 



■IUkA^ + SSAnGM^A^-^"/ i -A+ 



7+^ 



(-l + 7)(3Ai+37K-8GM^7r) 1 ^^^Av27r 



-3A^+^^K + SGM^n 



X2F1 



3(-l+7) 1 ^ 3(-l + 7) 3A^+^^K 
2(1 + 37) '2' ~ 2(1 + 37) ' SGM^TT 



■X 



(26) 



where 2F1 is the hypergeometric function. 

However, we can solve for particular cases of 7 parameter this integral (p5|) as follow 



radiation case: 7 



J ^JsSAirGMys - lAAnA^dA = ^^SSAnGMys - UAkA^ 



+ ^^^^^^V3 |_24i^^ + 2y^3847rGMi/3 - 144^^2} 



(27) 



dust fiuid: 7 = 



SSAirGMnA - lAAnA^dA = 



A 2GttMo 



3k 



SSAirGMnA - IAAkA^ 



16G^M^n^y/38A7rGMoA - IAAkA^ In [2^3^ + 2^?,kA - SGttMq 



3V3k^A^3kA - SGttMq 



(28) 



infiation like case: 7 = — 1 



r I 1 f2A'^ 

J ^3UtvGM.iA^ - lAAnA^dA = — 



AGtvM_i 



3MtiGM^iA^ - IAAkA^, 



(29) 
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• stiff ffuid: 7 = 1 

J ^JsSinGMiA-^ - UAnA^dA = .JsSAttGMiA-^ - UAkA^ |^+ 

+ V3.A^-8vrG-M, i + )] • 

These results will be used in the next section, to obtain the solution according to the 
super symmetric quantum mechanics scheme. 



IV. SUPERSYMMETRIC QUANTUM SOLUTIONS 

To include the factor ordering problem, we substitute the following relation into (p3|), 

where the real parameter p measures the ambiguity in the factor ordering. So, the Wheeler- 
DeWitt equation, can be written as follows 

with V{A) = 3847rG'M^A-37+2 _ iUkA^ 

In this scheme we start giving the following super-hamiltonian 

Hsu,er:=(no + F^^[ij,^]y (33) 

where the bosonic hamiltonian Tig correspond to the one in eqn. (|32D , F is a complex 
function and S is the superpotential function. We write the super-charges as follow 

where f{A) is an auxiliary function to be determined via the analogy with the hamiltonian 
under study. 

We suppose the following algebra for the variables ifj and 'ijj, 

{^,i;} = -l, {^,^} = 0, {^,i^} = 0. (36) 

Using the representation = —-^ and ijj = 6^, one find the superspace hamiltonian to be 
written in the form 
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Hsuper^ = {Q, Q}^= (QQ + QQ) * 



dA^ 'dAdA \ dA 

dA^ 



+ ^m^^\^M]'^- (37) 



This equation is similar to (^). 

Making the comparation between (|3^) and ( p?!) we obtains the following relations 

m = A P=~ nA) = (^)'- (38) 

We can see that the parameter that give the measure of the factor ordering is fixed at p = —\ 
in this approach, leading to 

(39) 

Then, any hamiltonian equation in one dimension that obey this relation, will have the 
factor ordering fixed in the supersymmetric regime. In other cases, it will be necessary to 
study the particular hamiltonian equation and the supersymmetric scheme. 

Moreover, in this scheme, any physical state must obey the following quantum constraints 

= 0, (40) 
= 0. (41) 

The wave function has the following decomposition in the Grassmann variables representa- 
tion 

^ = n+ + n_6'°, (42) 

where the component is the contribution of the bosonic sector, and whereas , is the 
contribution of the fermionic sector. 
The supercharges read as 

Q = e' [VA^ - ^DA^^ , (44) 

where Da = jx- 

Using Eq. (j^, we get the following differential equation 

- iDa^n+'j = 0. (45) 

The solution of the latter equation is 
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n+ = no+e^^^^-^^'^, (46) 



where no+ is an integration constant. 
Employing equation (HTI) one gets 



^ + ^D„S^_ j = 0, (47) 

where has the form 

n„ = no-e-'^^^^^'^^ (48) 

(^6|) and (|^) can be written in the following way 

n± = no±e^^/^^^^'^. (49) 

The integration in these equations corresponds exactly to the equation (|25|) . Thus, the 
supersymmetric quantum solutions are obtained in closed form. 

V. CONCLUSIONS 

In the supersymmetric fashion, the calculation by means of the Grassmann variables of 
|\E'P given by (^) is well known 

(^i|^2) = / {^i{e*)y ^2{e*)e-^^'*'^\{de*de^, (so) 

i 

where the operation * is defined as {C9^...6^)* = 9*...61C*, with the usual algebra for the 
Grassmann numbers 6i9j = —6j9i. The rules to integrate over these numbers are the 
following 

J e^ei...ejide*je^...deide^ = i (si) 
J de* = J dei = o. (S2) 

In our case, we have \E'i = \E'2 = \E'. So, when we integrate on the Grassmann numbers, 
employing also the relations (^) and (|52D, we obtain 



l^'l' = n+n+ + nono, (S3) 

where the □ symbol means the complex operation. 

Using the expresions for the functions □+ and given in (|46|) and (^8[), respectively, 
we arrive at the following expression for the probability density 

\^\' = nl^ + nl_. (S4) 
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We thus are able to express ([50| ) for our particular problem. As can be seen, we can infer 
that the contributions of the bosonic and fermionic sectors of the density probability are 
equal. 

The main results in this work are to provide the methodology to find the general form for 
all contributions that ocurring in the expansion of the FRW wave function of the Universe 
with matter withing the approach of Witten's supersymmetric quantum mechanics. In 
addition, we find one criterion for fixing the parameter that measure the factor ordering of 
the operators. Besides, we find that the exact solutions for the empty (+) and filled (-) 
sector of the fermion Fock space are at the same time the lowest-order WKB aproximations 
(Einstein-Hamilton- Jacobi equation). Finally, we find the general form of the probabilitity 
density (pO|) , for the FRW case, including matter fields. 
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